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We investigate the crossover of the entanglement entropy towards its thermal value in nearly
integrable systems. We employ equation of motion techniques to study the entanglement dynamics
in a lattice model of weakly interacting spinless fermions after a quantum quench. For weak enough
interactions we observe a two-step relaxation of the entanglement entropies of finite subsystems.
Initially the entropies follow a nearly integrable evolution, approaching the value predicted by the
Generalized Gibbs Ensemble (GGE) of the unperturbed model. Then, they start a slow drift
towards the thermal stationary value described by a standard Gibbs Ensemble (GE). While the
initial relaxation to the GGE is independent of the interaction, the slow drift from GGE to GE
values happens on time scales proportional to the inverse interaction squared. For asymptotically
large times and subsystem sizes the dynamics of the entropies can be predicted using a modified
quasiparticle picture that keeps track of the evolution of the fermionic occupations caused by the
integrability breaking. This picture gives a quantitative description of the results as long as the
integrability-breaking timescale is much larger than the one associated with the (quasi) saturation
to the GGE. In the opposite limit the quasiparticle picture still provides the correct late-time
behaviour, but it underestimates the initial slope of the entanglement entropy.
The non-equilibrium dynamics of the entanglement
in many-body systems is currently attracting huge at-
tention, effectively bridging the gap between condensed
matter, quantum information, and high-energy physics.
Some of the big questions in this context concern the on-
set of thermalisation in isolated many-body systems [1–
4], the origin of thermodynamic entropy [5–11], the
scrambling of quantum information in quantum chaotic
systems [12–22], as well as the simulability of the quan-
tum many-body dynamics via classical computers [23–
27].
A fascinating aspect of this problem lies in its uni-
versality: the entanglement dynamics does not seem to
depend much on the microscopic details of the many-
body system. For instance, considering a quantum
quench from a separable state one typically observes lin-
ear growth of the entanglement followed by saturation.
When first observed in the context of (1+1)-dimensional
conformal field theory (CFT), this phenomenon has been
explained assuming that the entanglement is transported
by pairs of correlated quasiparticles [28]. This intuitive
quasiparticle picture can be used in systems with sta-
ble quasiparticle excitations, such as free [29–39] and in-
teracting [40–45] integrable models, but it does not ac-
count for the fact that the same qualitative behaviour
is also observed in systems with no detectable quasipar-
ticle content such as holographic CFTs [12, 16, 17] or
generic interacting systems [46–55] — in essence, the only
known cases where the entanglement does not behave as
described above are connected with localisation [56–60],
quenched disorder [61, 62], confinement [63–66], or pres-
ence of quantum scars [67, 68].
Recently, an alternative explanation for the universal-
ity of the entanglement dynamics has arisen by studying
the so-called (local) random unitary circuits [69], where
the dynamics is completely random in space and the only
constraint is given by the locality of interactions. In this
case, one quantifies the amount of entanglement between
two portions of the system by measuring the surface of
the minimal space-time membrane separating them. This
minimal membrane picture has been analytically tested
in random unitary circuits [70] and it is believed to de-
scribe, at least qualitatively, the entanglement spreading
in generic (non-integrable) systems in any spatial dimen-
sion (see Ref. [71] for quantitative comparisons).
The two pictures discussed above rely on very different
physical mechanisms and in general give different predic-
tions. For instance, their predictions for the dynamics of
the entanglement of disjoint regions [12, 21] or that of a
connected region in finite volume [22, 51, 69] are qualita-
tively different. A natural question is then what happens
to the entanglement dynamics when the integrability is
broken only weakly. In this case one would expect the
two different mechanisms underlying the above picture
to somehow coexist until the metastable quasiparticles
decay.
Weakly non-integrable systems are per se very inter-
esting. Indeed, recent theoretical [72–95] and experimen-
tal [96–98] investigations pointed out that these systems
display crossovers from integrable to non-integrable dy-
namics that are reminiscent of those described by the cel-
ebrated Kolmogorov-Arnold-Moser theory in few-particle
classical integrable systems. The intuitive picture is that
approximate conservation laws in the system generate
a separation of time-scales [92]. A symmetry-breaking
term of order U becomes effective over a time-scale that
increases with 1/U . For small enough U this is much
larger than the relaxation time and the system relaxes as
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2if the approximate conservation law were exact [77]. At
later times the symmetry breaking becomes effective and
observables drift towards the true equilibrium state [85].
This phenomenon, dubbed prethermalization [72], is of
crucial practical importance: it shows that integrabil-
ity — although fragile — can be dynamically robust and
hence observable. This is the ultimate explanation of why
many cold-atom experiments detect traces of integrable
many-body dynamics [99–102].
A major obstacle is that, besides being physically very
rich, the prethermalization regime is also very hard to
access. One needs to follow the out-of-equilibrium dy-
namics of the (strictly speaking non-integrable) system
for very long-times and the methods (both analytical
and computational) to do that are very scarce. One
might try to access this regime in some special class of
non-integrable systems, like the recently discovered dual-
unitary quantum circuits [103], which led to the only
available exact results on the entanglement dynamics
in locally-interacting non-integrable systems [51, 52, 54].
However, even though these systems allow to study the
weakly non-integrable regime, the aforementioned results
on the entanglement dynamics turn out to be indepen-
dent of the integrability breaking. In this paper, we fol-
low an alternative route and address this question focus-
ing on what is arguably the simplest non-trivial setting.
We consider a system of weakly interacting fermions on
the lattice, which we analyse by means of Equation of
Motion techniques [85, 86, 104–112]. This is an approx-
imate method based on the truncation of the infinite hi-
erarchy of evolution equations for connected fermionic
cumulants of increasing size (equivalent to the BBGKY
hierarchy for reduced density operators [86, 112]).
The rest of this paper is laid out as follows. In Sec-
tion I we introduce the model and its basic properties. In
Section II we describe the setting considered and briefly
recall some basic facts about Equations of Motion. In
Sec III we discuss our results for the dynamics of the the
entanglement, and, in Sec. IV, we interpret them in terms
of a modified quasiparticle picture. Finally in Sec. V we
report our conclusions.
I. THE MODEL
We consider a system of weakly interacting spinless
fermions on a one-dimensional lattice of length L whose
dynamics are described by the following Hamiltonian
H[J2, δ, U ] = H1 +H2 +HU , (1)
H1 = −J1
L∑
l=1
[
1 + (−1)lδ
](
c†l cl+1 + H.c.
)
,
H2 = −J2
L∑
l=1
[
c†l cl+2 + H.c.
]
,
HU = U
L∑
l=1
nlnl+1 .
Here c†i and ci are respectively fermionic creation and
annihilation operators obeying the canonical anticommu-
tation relations
{c†i , cj} = δi,j , {ci, cj} = 0 , (2)
and we imposed periodic boundary conditions cL+1 ≡ c1.
For definiteness, from now on we consider the length L
to be even and set J1 = 1.
As discussed in Refs. [85, 86] the Hamiltonian is inte-
grable for U = 0 — where it describes free fermions —
and for δ = J2 = 0 — where it can be mapped into a
XXZ spin-1/2 chain in an external magnetic field [113]
through a Jordan-Wigner transformation. Moreover for
J2 = 0 and δ, U  1 its low energy description is given
by the quantum sine-Gordon model [114]. Away from
these points H[J2, δ, U ] is believed to be non-integrable.
This is confirmed the statistics of the level spacing of its
unfolded spectrum. As shown in Fig. 1, level spacings
are well described by the Gaussian Orthogonal Ensemble
of random matrices.
Since we are interested in the regime of small interac-
tions, it is convenient to diagonalise the quadratic part of
the Hamiltonian. This is achieved by a the following lin-
ear mapping (see the Supplemental Material of Ref. [85])
cl =
1√
L
∑
k>0
∑
η=±
γη(l, k|δ)αη(k) . (3)
Here the sum runs over k ∈ 2pi/LZL/2 ⊂ [0, pi] and
γ±(2j − 1, k|δ) = e−ik(2j−1) ,
γ±(2j, k|δ) = ±e−ik2je−iϕk(δ) ,
e−iϕk(δ) =
− cos k + iδ sin k√
cos2 k + δ2 sin2 k
.
(4)
This transformation is a combination of a two-site dis-
crete Fourier transform and a Bogoliubov transforma-
tion. In particular, it is immediate to see that it con-
serves the canonical anti-commutation relations
{αµ(k), α†ν(q)} = δµ,νδk,q . (5)
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FIG. 1. Cumulative (integrated) level-spacing distributions of (1) for L = 16 compared with Poisson and Wigner GOE
distributions. Left panel: δ = 0.5, J2 = 0, U = 1. Right panel: δ = 0.5, J2 = 0.5, U = 1.
Plugging (3) in (1) we find
H[J2, δ, U ] =
∑
η=±
∑
k>0
η(k)α
†
η(k)αη(k)
+ U
∑
η
∑
k>0
Vη(k)α
†
η1(k1)α
†
η2(k2)αη3(k3)αη4(k4) , (6)
where bold symbols denote vectors with four compo-
nents, we introduced the “dispersion relation”
η(k) = −2J2 cos(2k)+2η
√
δ2 + (1− δ2) cos2(k) , (7)
and the “vertex function”
Vη(k) = −1
4
∑
P,Q∈S2
sgn(P )sgn(Q)
× V ′ηp1ηq1ηp2ηq2 (kp1 , kq1 , kp2 , kq2) , (8)
with
V ′η(k) =
ei(k3−k4)
2L
[
(M12 +M34)δk1−k2+k3−k4,0
+ (M12 −M34)δk1−k2+k3−k4±pi,0
]
, (9)
and finally
Mab ≡
(
ηaηbe
iϕka (δ)−iϕkb (δ)
)
. (10)
The physical interpretation of (6) is transparent. It de-
scribes two species of fermions (+ and −) interacting via
two-body scattering.
II. SETTING
In this work we are interested in the dynamics of the
entanglement generated by a quantum quench compar-
ing the case where the evolution is free, U = 0, with that
where it is weakly interacting, 0 < U  1. As it is cus-
tomary, we characterise the entanglement evolution com-
puting the entanglement entropies of a finite subsystem
A in the thermodynamic limit. These are defined as
S
(α)
A (t) ≡
1
1− α log[tr[ρ
α
A(t)]]. (11)
Here ρA(t) is the density matrix of the system at time t
reduced to the subsystem A; α is known as Re´nyi index,
it is an arbitrary positive real number, although in many
circumstances it is better to think to it as an integer. In
the limit α → 1, the definition (11) is the standard von
Neumann entropy of ρA.
Since we are interested in the dynamics of the entan-
glement generated by the quench, it is convenient to pre-
pare the system in a low entangled initial state. To this
aim, we consider the standard quantum quench proto-
col [115]: we prepare the system in the ground state |Ψ0〉
of H[J2i, δi, Ui] and, at t = 0, suddenly change the pa-
rameters
(J20, δ0, U0) 7−→ (J2, δ, U) . (12)
After the quench the state of the system is then given by
|Ψt〉 = eiH[J2,δ,U ]t |Ψ0〉 , t > 0 . (13)
In this work we will always focus on the case U0 = 0
to ensure that Wick’s Theorem holds on the initial state
(all connected cumulants with more than two fermionic
operators vanish), as well as to have a well defined GGE
for the integrable quench [116]. These are mandatory re-
quirements for the applicability of our techniques. More-
over, for definiteness, we also set J2i = 0.
Note that, due to the change in the dimerisation pa-
rameter δ, the sudden quench (12) produces non-trivial
dynamics also for vanishing interactions and it is mean-
ingful to ask how this is influenced by U . Another pos-
sibility to observe the same scenario preserving transla-
tional invariance is to break the particle number conser-
vation in, e.g., the initial state. This, however, leads to a
4more complicated set of equations [86]. In this sense the
Hamiltonian (1) represents the minimal model to study
prethermalization in weakly interacting systems.
Using the mapping (3) we immediately find the follow-
ing linear relations between the Bogoliubov fermions be-
fore — {α†0,η(k), α0,η(k)} — and after — {α†η(k), αη(k)}
— the quench
α0,±(k) =
1± ei∆ϕk
2
α+(k) +
1∓ ei∆ϕk
2
α−(k) , (14)
where
∆ϕk ≡ ϕk(δ0)− ϕk(δ). (15)
A linear relation like (14) leads to a simple representa-
tion of the ground state of the pre-quench Hamiltonian in
terms of the post quench Bogoliubov fermions, see, e.g.,
Refs. [115, 117–119]. Specifically, in our case we find
|Ψ0〉=
∏
k>0
[
cos
(
∆ϕk
2
)
α†−(k)+i sin
(
∆ϕk
2
)
α†+(k)
]
|0〉, (16)
and |0〉 is the vacuum of the post-quench ‘Bogoliubov
fermions {α†±(k), α±(k)}.
A. Free Quench
For U = 0 the system is completely characterised by
the occupation numbers, i.e. the expectation values of
the (number conserving) fermion bilinears on the time
evolving state (13)
nµν(k, t) ≡ 〈Ψt|α†µ(k)αν(k)|Ψt〉 , µ, ν = ±. (17)
Since the Hamiltonian (6) is quadratic we immediately
have
nµν(k, t) = nµν(k)e
i(µ(k)−ν(k))t . (18)
Moreover using the form (16) of the initial state we find
n±±(k) =
(1∓ cos ∆ϕk)
2
,
n±∓(k) =
∓i sin(∆ϕk)
2
.
(19)
We see that the diagonal occupation numbers are con-
served (independent of time) while the off-diagonal are
oscillating. This means that the expectation values of
local (in space) observables for large times — and hence
the Generalised Gibbs Ensemble — are completely spec-
ified only by the former, the contribution of the latter
vanishes in a power law fashion [115].
B. Weakly Non-Integrable Quench: Equations of
Motion
Whenever U 6= 0 the situation drastically complicates.
Even though the occupation numbers completely charac-
terise the system at t = 0 (because of the initial state we
chose), as soon as the time evolution begins, non-trivial
correlations start to build up resulting in non-zero higher
connected cumulants. This means that
〈Ψt|α†µ1(k1) . . . α†µn(kn)αν1(p1) . . . ανn(pn)|Ψt〉 (20)
cannot be expressed in terms of (17) anymore. Equiva-
lently this means that the time evolving state ceases to
be Gaussian. Moreover nµν(k, t) is no longer given by
the simple expression (18): the evolution of the occu-
pation numbers becomes non-trivially coupled to that of
the higher cumulants.
Here we shall assume that, when a Gaussian state is
evolving according to an interacting Hamiltonian with
U  1, there exists a (parametrically large) time window
over which higher cumulants remain small. This leads to
two key simplifications: (i) the state remains approxi-
mately Gaussian and we continue to characterise it by
means of (17) (ii) the time evolution of the occupation
numbers can be (approximately) determined. This as-
sumption has been tested in Refs. [77, 85, 86] comparing
the results for two- and four- point functions obtained in
this way with tDMRG simulations and exact diagonal-
isation. Here we will further test it in the case of the
entanglement entropy (proving its consistency with ED
results).
To calculate the time evolution of (17) we use the equa-
tions of motion (EOM) [85, 86, 104–111]. These are a set
of evolution equations for nµν(k, t) obtained by truncat-
ing the infinite hierarchy of evolution equations of the
connected cumulants. We refer to the literature, see e.g.
Refs. [86, 107, 110, 111], for a detailed explanation of the
method and only list the final equations. Specifically, we
will follow the notation/conventions of Refs. [85, 86] and
consider two different truncation schemes respectively
known as First Order and Second Order. Their names are
motivated by the fact that — at fixed t and small U —
these two schemes give results that are accurate respec-
tively to the first and second order in U . This, however,
does not mean that these two schemes are equivalent to
a first or second order perturbative expansion. On the
contrary, they correspond to the re-summation of a cer-
tain class of terms (infinitely many) in the perturbative
series.
1. First order EOM
The First Order truncation scheme leads to the follow-
ing equations [86]
∂tnµν(k, t) = iµν(k)nµν(k, t)
+ 4iU
∑
{γi}
∑
q>0
[
Vγ1γ2γ3µ(k, q, q, k)nγ1ν(k, t)
− Vνγ2γ3γ1(k, q, q, k)nµγ1(k, t)
]
nγ2γ3(q, t) . (21)
As shown in Refs. [86, 120] the results of these equations
are equivalent those found in Ref. [77] using the contin-
5uous unitary transformation (CUT) approach [72, 121–
124]. In essence, these equations describe the approach
to the prethermal regime and the relaxation to the non-
thermal deformed GGE of Ref. [77]. More specifically, for
t 1 one can expand the solution of (21) as follows [120]
nµν(k, t) = nµν(k)e
i(drµ (k)−drν (k))t + Un(1)µν (k, t)e
i(drµ (k)−drν (k))t +O(U2), (22)
where
drη (k) = η(k) + 4U
∑
γ
∑
q>0
Vηγγη(k, q, q, k)nγγ(q) +O(U
2) , (23)
n(1)µν (k, t) = 4
∑
{γi}
∑
q>0
Wγ1γ2γ3µ(k, q)nγ1ν(k)nγ2γ3(q)
[
ei(
dr
γ1
(k)+drγ2
(q)−drγ3 (q)−
dr
µ (k))t − 1
]
− 4
∑
{γi}
∑
q>0
Wνγ2γ3γ1(k, q)nµγ1(k)nγ2γ3(q)
[
ei(
dr
ν (k)+
dr
γ2
(q)−drγ3 (q)−
dr
γ1
(k))t − 1
]
, (24)
Wγ1γ2γ3γ4(k1, k2) = lim
B→∞
Vγ1γ2γ3γ4(k1, k2, k2, k1)
1− e−B|drγ1 (k1)+drγ2 (k2)−drγ3 (k2)−drγ4 (k1)|
drγ1(k1) + 
dr
γ2(k2)− drγ3(k2)− drγ4(k1)
, (25)
and where also the higher orders in U do not contain sec-
ular terms. This expansion can be obtained, e.g., by a
perturbative solution of (21) using the Method of Multi-
ple Scales of Ref. [125].
Before moving to the Second order scheme we make
two final remarks. First, the equation (21) (and hence
the solution (22)) does not depend on J2. Second, the
solution (22) gives the following occupation numbers for
the deformed GGE
ndGGEµν (k) =

nµµ(k) + 4U
∑
γ1γ2
∑
q>0
[Wµγ1γ2µ¯(k, q)nµµ¯(k)−Wµ¯γ1γ2µ(k, q)nµ¯µ(k)]nγ1γ2(q) µ = ν
8U
∑
γ
∑
q>0
Wµγγµ¯(k, q)nµµ¯(k)nγγ(q) µ = ν¯
, (26)
where µ¯ = −µ.
2. Second Order EOM
The Second Order truncation scheme (also known as second Born approximation [112]) leads to the following
equations [86]
∂tnµν(k, t) =iµν(k)nµν(k, t) + 4iU
∑
{γi}
∑
q>0
Vγ1γ2γ3µ(k, q, q, k)e
iγ1ν(k)teiγ2γ3 (q)tnγ1ν(k)nγ2γ3(q)
− 4iU
∑
{γi}
∑
q>0
Vνγ2γ3γ1(k, q, q, k)e
iµγ1 (k)teiγ2γ3 (q)tnµγ1(k)nγ2γ3(q)
− U2
∫ t
0
dt′
∑
~γ
∑
k1,k2,k3>0
L~γµν(k1, k2, k3; k; t− t′)nγ1γ2(k1, t′)nγ3γ4(k2, t′)nγ5γ6(k3, t′)
− U2
∫ t
0
dt′
∑
γ
∑
k1,k2>0
Kγµν(k1, k2; k; t− t′)nγ1γ2(k1, t′)nγ3γ4(k2, t′) . (27)
where we denoted vectors of length six by ~γ, while the kernels are given by
Kγµν(k1, k2; k; t) ≡ 4
∑
k3,k4>0
∑
η,η′
Xγ1γ3ηη
′;ηη′γ4γ2
k;k′ (µ, ν; k; t), (28)
L~γµν(k1, k2, k3; k; t) ≡ 8
∑
η
∑
k4>0
Xγ1γ3γ6η;ηγ5γ4γ2k;k′ (µ, ν; k; t)− 16
∑
η
Xγ1γ3ηγ4;γ5ηγ6γ2k1k2k1k2;k3k1k3k1(µ, ν; k; t). (29)
6Here k′ is obtained from k by reversing the order of the
elements and we introduced
Xγ;ηk;q (µ, ν; q; t) ≡ Y γµν(k, q)Vη(q)eiEγ(k)t
− (γ,k)↔ (η, q), (30)
Eη(q) ≡ η1(q1) + η2(q2)− η3(q3)− η4(q4), (31)
Y ηµν(k, q) ≡ δν,η4δk,q4Vη1η2η3µ(q) + δν,η3δk,q3Vη1η2µη4(q)
− δµ,η2δk,q2Vη1νη3η4(q)− δµ,η1δk,q1Vνη2η3η4(q). (32)
As shown in Refs. [85, 86], for 0 ≤ t . U−1 the
two-point functions computed with (27) remain order
U close to those computed with (21), providing a per-
turbative correction. For t U−1, however, the so-
lutions of (27) leave the prethermal plateau describ-
ing a drift of two point functions towards their thermal
value [85, 86], although the EOM method is not guaran-
teed to capture all features emerging at asymptotically
large times [126, 127].
In the late-time regime the time integrals in (27) can be
simplified [86] obtaining a local-in-time Quantum Boltz-
mann Equation (QBE) [107–110] (see also [93–95] for re-
cent generalizations of the QBE to treat interacting inte-
grable systems). More precisely considering the scaling
limit
U → 0 and t→∞ with τ = tU2 fixed , (33)
and filtering out highly oscillating terms (which do not
contribute to local observables) one obtains the following
equation for the diagonal occupation numbers [86]
∂τnµµ(k, τ) = −
∑
η,γ
∑
p,q>0
K˜γηµ (p, q|k)nγγ(p, τ)nηη(q, τ)−
∑
γ,η,ϕ
∑
p,q,r>0˜
Lγηϕµ (p, q, r|k)nγγ(p, τ)nηη(q, τ)nϕϕ(r, τ) . (34)
Here the kernels are given by
K˜γ1γ2α (k1, k2|q) ≡ 4
∑
k3,k4>0
∑
ν,ν′
X˜
γ1γ2νν
′|νν′γ2γ1
k|k′ (α|q),
L˜γ1γ2γ3α (k1, k2, k3|q) ≡ 8
∑
ν
∑
k4>0
X˜
γ1γ2γ3ν|νγ3γ2γ1
k|k′ (α|q)− 16
∑
ν
X˜
γ1γ2νγ2|γ3νγ3γ1
k1k2k1k2|k3k1k3k1(α|q),
X˜
γ|α
k|q (α|q) ≡ Y γαα(k, q)Vα(q)D(Eγ(k))− (γ,k)↔ (α, q) ,
D(E) ≡ lim
ξ→0
i
E + iξ
.
(35)
As initial value for the Quantum Boltzmann Equation
one takes the diagonal occupation numbers {n±±(k, t0)}
produced by the second order EOM (27) for large enough
t0 (corresponding to the deformed GGE values).
It can be verified (see, e.g., [86, 110]) that non-
interacting Fermi-Dirac distribution (with arbitrary β
and µ) is always a stationary solution of the QBE. More-
over, for non-integrable models the latter is believed to
be the only stationary solution [110]. The specific val-
ues of temperature and chemical potential can be de-
termined from the initial conditions by noting that the
QBE conserves number density and the kinetic energy.
This means that in our case we expect the QBE to de-
scribe relaxation to a “free Gibbs Ensemble”, reproduc-
ing the solution of the second order EOM (27) only up to
O(U) corrections. Importantly this is enough to observe
the transition between GGE and thermal values because
their difference is O(U0), i.e., they are different even for
U = 0.
III. ENTANGLEMENT ENTROPY FROM EOM
We compute the entropies under the assumption that
the state remains approximately Gaussian for t > 0. This
assumption is in principle stronger then the one used to
derive (27). Indeed, in the derivation of (27) four-particle
cumulant is approximated by a non-zero value [86]. We
expect that, however, in the time window of validity of
the EOM this approximation gives the leading order (in
U) of the entropies.
Under the Gaussian-state assumption we can directly
compute the entanglement entropy from the correlation
matrix
Cij(t) = 〈Ψt|c†i cj |Ψt〉
=
1
L
∑
k>0
∑
µ,ν=±
γ∗µ(k, i)γν(k, j)nµν(k, t) ,
(36)
as follows [128–130]
S
(α)
A (t) ≡
1
1− α tr log[C
α + (1− C)α]. (37)
Note that this form is particularly simple because the
7correlations 〈Ψt|c†i c†j |Ψt〉 and 〈Ψt|cicj |Ψt〉 are zero at all
times. This is a consequence of both the initial state and
the Hamiltonian being U(1)-invariant (the initial state
has a fixed number of fermions and the Hamiltonian con-
serves it).
To test the EOM predictions, we compute the entropy
of the thermal state using exact diagonalisation (ED).
More precisely, we evaluate numerically
S
(α)
th =
1
1− α log tr[ρ
α
th] , (38)
in two different ways to estimate the finite-size correc-
tions. First we used the canonical representation for the
thermal density matrix
ρth =
e−βH[J2,δ,U ]
tr[e−βH[J2,δ,U ]]
, (39)
where the temperature is fixed by requiring
tr[ρthH[J2, δ, U ]] = 〈Ψ0|H[J2, δ, U ]|Ψ0〉 . (40)
In this representation the trace in (38) must be reduced
to states with fixed particle number. Namely to a basis
of the eigenspace of
N =
L∑
l=1
c†l cl , (41)
corresponding to the eigenvalue L/2. Next, we consider
the grand-canonical representation of ρth, namely
ρth =
e−β(H[J2,δ,U ]−µN)
tr[e−β(H[J2,δ,U ]−µN)]
, (42)
where temperature and chemical potential are fixed by
requiring
tr[ρthH[J2, δ, U ]] = 〈Ψ0|H[J2, δ, U ]|Ψ0〉 ,
tr[ρthN ] = 〈Ψ0|N |Ψ0〉 = L/2 . (43)
Finally, we extrapolate the results for L→∞ assuming
S
(α)
th (L) = S
(α)
th (∞) +
A(α)
L
+O
(
1
L2
)
, (44)
where A(α) is a constant determined through a linear fit.
This procedure is sometimes plagued by even-odd effects
in the ED data, limiting its range of applicability.
Some representative examples of our results are re-
ported in Figs. 2 – 4. We see that, while the first or-
der EOM (21) predict relaxation to a deformed GGE,
the solution of the second order EOM (27) shows a slow
drift towards the thermal value computed by ED. Such
a drift occurs on time-scales t ∼ U−2 and is well de-
scribed by the QBE (34), in agreement with the findings
of Refs. [85, 86]. In particular, this implies that for large
enough times the drift can be described by and expo-
nential (as it is customary the characteristic time can be
obtained by linearising the QBE [104]).
Finally, we see that the speed of the drift is highly
influenced by the value of the next-neighbour hopping
term J2. This has been explained in [85, 86] (see also
Refs. [110, 131]) by noting that J2 opens more scattering
channels for the quasiparticles. To understand this point
it is convenient to look at the Boltzmann equation (34).
We see that the only scattering processes contributing
to the r.h.s. of this equation are those conserving energy
and momentum (modulo pi) — the energy conservation is
enforced by D(E) while the momentum conservation by
the vertex Vα(q). A non-zero J2 allows for more inelastic
solutions of these constraints, namely for processes
(αi, ki) (βi, pi)
(αf , kf ) (βf , pf )
t
, (45)
with {(αi, ki), (βi, pi)} 6= {(αf , kf ), (βf , pf )}. These are
the scattering processes able to modify the momentum
distribution.
IV. EOM AND QUASI-PARTICLE PICTURE
In the integrable case the initial state (16) can be
viewed as a source of + and − quasiparticles, where those
with the same momentum k are correlated. This can be
understood by noting that the eigenstates of H[J2, δ, 0]
with non-zero overlap with |Ψ0〉 feature only one of the
modes (+, k) and (−, k), such a non-trivial microscopic
constraint generates the correlation [37]. For t, |A|  1
we can then describe the evolution of the entanglement
entropies at the leading order using the quasiparticle pic-
ture [28, 40]. Writing the prediction in the case of corre-
lated pairs with different velocities we have
S
(α)
q,A(t)=
∫ pi
0
dkmin[|v+(k)− v−(k)|t, |A|]sα[n++(k)], (46)
where n++(k) is the conserved (for U = 0) diagonal oc-
cupation number of + particles (cf. (19)), the group ve-
locities are given by
v±(k) ≡ ∂k±(k) = ∓(1− δ
2) sin(2k)√
δ2 + (1− δ2) cos2(k)
+ 4J2 sin(2k),
(47)
and we introduced
sα[x] =
xα + (1− x)α
pi(1− α) . (48)
Note that since
n++(k) + n−−(k) = 1 , (49)
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FIG. 2. Time-evolution of the von Neumann entropy (left) and Renyi-2 entropy (right) after the quench (12) with parameters
J20 = 0, δ0 = 0.8, U0 = 0, J2 = 0.65, δ = 0.1, U = 0.1. Different lines report the predictions of the different methods and the
insets present the late time behaviour computed via Quantum Boltzmann Equation (initialised at time t0 = 20.1). Errors in
the extrapolation are smaller than the difference between the ED results for the canonical and grancanonical ensemble.
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FIG. 3. Time-evolution of the von Neumann entropy (left) and Renyi-2 entropy (right) after the quench (12) with parameters
J20 = 0, δ0 = 0.8, U0 = 0, J2 = 0.65, δ = 0, U = 0.1. Different lines report the predictions of the different methods and the
insets present the late time behaviour computed via Quantum Boltzmann Equation (initialised at time t0 = 20.1). Errors in
the extrapolation are smaller than the difference between the ED results for the canonical and grancanonical ensemble.
we have
sα[n++(k)] = sα[n−−(k)] , (50)
and the prediction is symmetric in + and −. Finally,
since (46) only depends on the difference of v−(k) and
v+(k), it is independent of J2.
The question that we want to address here is whether
a similar quasiparticle prediction can be devised for
0 < U  1. In our simple framework everything is fully
specified by nµν(k, t), therefore to understand whether a
quasiparticle picture can work we need to look at how
these quantities depend on time. Inspecting the pertur-
bative solution (22) of the first order EOM (21) we see
that at large enough times it has the same form as the
free one (cf. (18)) with the replacements
η(k) 7→ drη (k), nµν(k) 7→ ndGGEµν (k), (51)
where drη (k), n
dGGE
µν (k) are defined respectively in
Eqs. (23) and (26) and we neglected O(U2) corrections.
This means that for 0 ≤ t . U−1, i.e. in the time regime
where the first order EOM give a good description of the
results, we can define a quasiparticle picture by replac-
ing v±(k) and n±±(k) with their dressed counterparts
obtained from Eqs. (23) and (26). Namely
S
(α)
dq,A(t)=
∫ pi
0
dkmin[|vdr+ (k)−vdr− (k)|t, |A|]sα[ndr++(k)], (52)
with
vdrη (k) = ∂k
dr
η (k), n
dr
µµ(k) = n
dGGE
µν (k). (53)
A comparison between bare and dressed quasiparticle
predictions and the solution of the first order EOM (21) is
reported in Fig. 5. Note that in this case ndGGE+− (k) 6= 0
and one would need to “diagonalise” the quasiparticle
occupations as in Ref. [38]. This effect, however, gives
a sub-leading correction in U and since we are working
at O(U) we can neglect it. Finally, we remark that a
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FIG. 4. Time-evolution of the von Neumann entropy (left) and Renyi-2 entropy (right) after the quench (12) with parameters
J20 = 0, δ0 = 0.8, U0 = 0, J2 = 0.5, δ = 0, U = 0.05. Different lines report the predictions of the different methods and the
insets present the late time behaviour computed via Quantum Boltzmann Equation (initialised at time t0 = 20.1). Errors in
the extrapolation are smaller than the difference between the ED results for the canonical and grancanonical ensemble.
quasiparticle picture valid for times t ∼ U−1 can be de-
vised also when the system displays pre-relaxation, see
Ref. [87]. Namely, when, due to some special symmetries
of the unperturbed Hamiltonian, the deformed GGE be-
comes (slowly) time-dependent for 0 ≤ t . U−1 [81].
For t U−1 the integrability breaking begins to dom-
inate and, accordingly, the quasiparticles start to scat-
ter inelastically approaching the equilibrium state. Con-
sequently, the occupation numbers n±±(k) evolve from
their deformed GGE values ndGGE±± (k) to their thermal
values. In this situation it is natural to distinguish two
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FIG. 5. Comparison between the solution of the first order
EOM (21) and the prediction of the quasiparticle picture for
the rescaled entanglement entropy S
(1)
A (von Neumann) after
a quench (12) with parameters J20 = 0, δ0 = 0.8, U0 = 0,
J2 = 0, δ = 0.1, U = 0.4. The blue solid line is the prediction
of bare quasiparticles while the orange solid line is the one
of dressed quasiparticles. Points are the (rescaled) von Neu-
mann entropies for |A| = 162, 202, 242, 282 obtained through
Eq. (21).
different regimes for the behaviour of the entanglement
of the subsystem A
(i) |A|  v¯U−2 and (ii) |A|  v¯U−2, (54)
where v¯ is the minimal velocity of the quasiparticles giv-
ing a relevant contribution to the entanglement. In other
words v¯ is the maximal v such that S
(α)
q,A(|A|/v) essen-
tially equals its saturation value. For the quenches con-
sidered here v¯ ≈ 1 (for example v¯ ≈ 1.2 in the case of
Fig. 5).
In the case (i) the effects of the interactions are neg-
ligible for all the time needed by A to relax to the de-
formed GGE. Accordingly, we expect the slopes of the
entanglement entropies to be described by the dressed
quasiparticle prediction (52). The integrability breaking
effects become dominant when the subsystem has already
relaxed to the deformed GGE and cause a slow drift to-
wards the thermal state. At the leading order in U such a
drift is described by the QBE (34). Since during the drift
the state is quasi-stationary we expect that for t ∼ U−2
the entropies can be computed as
S
(α)
A (t ∼ U−2) = |A|
∫ pi
0
dk
2
(sα[n++(k, U
2t)]
+ sα[n−−(k, U2t)]) +O(U) , (55)
where {n±±(q, τ)} are obtained by solving the Boltz-
mann Equation (34). Eq. (55) is just the thermodynamic
Re´nyi entropy of a free stationary state with occupation
numbers {n±±(k, τ)}. Noting that {n±±(q, τ)} are al-
most constant for times t < |A|/v we can combine (55)
with (52). In this way we obtain the following quasipar-
ticle prediction valid for all times
S
(α)
Bq,A(t) =
∫ pi
0
dk
2
min(|vdr+ (k, U2t)− vdr− (k, U2t)|t, |A|)
× (sα[ndr++(k, U2t)] + sα[ndr−−(k, τ)]). (56)
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FIG. 6. Comparison between the scaling of the solutions of the second order EOM (27) (left) and that of the first order
EOM (21) (right) where the black line is the “scattering quasiparticle” prediction of Eq. (56). The parameters of the quench
are fixed to J20 = 0, δ0 = 0.8, U0 = 0, J2 = 0.5, δ = 0.1, U = 0.1. The collapse of the first order data is attained for `min ≈ 200,
while v¯U−2 ≈ 100.
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FIG. 7. Right. Comparison between the solution of the second order EOM (27) (orange), the Quantum Boltzmann equation (34)
(dashed-dotted), and the prediction of the “scattering quasiparticle” picture (56) (blue). The pictures report the behaviour of
the entanglement entropy S
(1)
A (von Neumann) of a subsystem of size |A| = 120 after a quench (12) with parameters J20 = 0,
δ0 = 0.8, U0 = 0, J2 = 0.5, δ = 0, U = 0.05. Left. Collapse of the rescaled von Neumann entropy computed via first order
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is attained for `min ≈ 100, while v¯U−2 ≈ 400.
Here vdr± (k, τ) and n
dr
++(k, τ) are obtained by replacing
n±(k) with n±(k, τ) in (53) (cf. (23) and (26)). In this
way (56) is accurate up to O(U) for t ∼ U−1 (for small
enough U the dressing effects become negligible and one
can safely use v±(k) and n++(k, τ) in Eq. (56)). Note
that in this regime (56) agrees with (52) because
sα[n
dr
++(k, 0)] =
sα[n
dr
++(k, 0)] + sα[n
dr
−−(k, 0)]
2
. (57)
In the case (ii) the effects of the interactions become sig-
nificant much before the quasi-relaxation of A to the de-
formed GGE and hence we do not expect the quasipar-
ticle picture (even the dressed one) to correctly describe
the slope of the entanglement entropies. Indeed, the lat-
ter completely neglects all other mechanisms for spread-
ing and production of entanglement that are active in
the non-integrable regime. Nevertheless for large enough
times we still expect the system to relax to a quasi-
stationary stated described by the Boltzmann equation
and (55) to apply.
The above considerations imply that the verification of
(56) by means of the equations of motion (27) requires
some care. One needs to consider |A| > `min such that
the quasiparticle picture can hold, but, at the same time,
always keep |A|  v¯U−2. An intuitive way to estimate
`min is to look at the collapse of S
(α)
A (t)/|A| as a function
of t/|A|. However, it turns out that — at fixed values
of the parameters — the values of |A| at which we ob-
serve the collapse depend on the specific EOM used: the
solution of the second order EOM (27) attains its scal-
ing form much before (i.e. form for much smaller |A|)
that of the first order EOM (21), see e.g. Fig. 6. Since
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the first order equations are asymptotically described by
the quasiparticle picture, we conjecture that the minimal
length is set by the collapse of the latter.
Identifying in this way the regime (ii) we find that
(56) shows a satisfactory agreement with the results of
EOM and QBE — for a representative example see Fig. 7.
As expected, however, for |A| > v¯U−2 Eq. (56) describes
quantitatively only the late time regime (t ∼ U−2), see
Fig 8. Interestingly the behaviour reported in Fig 8 ap-
pears to be general: in the initial and intermediate time
regime the quasiparticle picture gives a lower bound for
the entanglement growth. This can be understood by
imagining that together with the entanglement growth
due to the spreading quasiparticles there is a further in-
crease of the entanglement due to integrability-breaking
effects.
We conclude this section by recalling that the quasi-
particle approach we developed is expected to work ex-
actly in the same manner every time that the unper-
turbed model is described by free particles (and can be
also used for more complicated entanglement measures,
such as the negativity [132]). Instead, when the unper-
turbed model is an interacting integrable one, it is only
known how to adapt the quasiparticle picture to the time
evolution of the von Neumann entropy [40, 41], while for
Re´nyi entropies there are still open issues, see e.g. Refs.
[45, 133–135].
V. CONCLUSIONS
In this paper we studied the spreading and gener-
ation of entanglement in a weakly interacting system
of lattice fermions using Equations of Motion tech-
niques [85, 86, 104–112]. We found that for small
enough interactions — parametrised by their strength U
— the entanglement entropies show the typical prether-
malization behaviour [72]: they first approach a quasi-
stationary plateau described by a deformed GGE and
then, on a separate timescale τth ∼ U−2, they start relax-
ing towards their thermal value. This behaviour has been
interpreted by means of a modified quasiparticle picture
where the contribution of each pair to the entanglement
— normally time-independent — depends on U2t and
is obtained by solving a Quantum Boltzmann Equation.
This modified quasiparticle picture predicts the correct
quantitative behaviour of the entanglement entropies of
the subsystem A whenever τA — the timescale over which
A relaxes to the deformed GGE — is much smaller than
τth — the timescale associated with integrability break-
ing. In the opposite case it describes quantitatively only
the late-time regime while it underestimates the slope of
the entanglement entropies.
There are two immediate future directions for the re-
search presented in our work. First it would be interest-
ing to generalise our findings to the case of weak pertur-
bations to strongly interacting integrable systems, com-
bining our modified quasiparticle picture with the re-
cent results [93–95] on the Quantum Boltzmann Equa-
tion for interacting integrable models. Second it would
be interesting to search for a simple description of the
integrabilty-breaking-related correction that we observed
in the slope of the entanglement entropies for τA > τth.
Note that similar integrability-breaking effects are also
visible in equal-time two-point functions for large enough
separation of the two points.
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